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Abstract
We study the ultraviolet properties of the supersymmetric CPN−1 sigma model
in three dimensions to next-to-leading order in the 1/N expansion. We calculate the
β-function to this order and verify that it has no next-to-leading order corrections.
1 typeset using PTPTEX.sty <ver.0.8>
§1. Introduction
The supersymmetric CPN−1 sigma model in low dimensions has many interesting fea-
tures. In two dimensions this model shares a few physical properties with supersymmetric
gauge theories in four dimensions. 1), 2) Namely, perturbatively it is asymptotically free, and
non-perturbatively it has instantons. Moreover, the one-loop exact β-function was found
using instanton methods in supersymmetric Ka¨hler sigma models which contain the super-
symmetric CPN−1 model as a special case. 3) In three dimensions, nonlinear sigma models
are perturbatively non-renormalizable, but they are argued to be renormalizable in the 1/N
expansion. 4), 5), 6) The renormalization of the N = 1 supersymmetric O(N) sigma model was
worked out explicitly to next-to-leading order in 1/N . 7) Elucidating the possible similarity
between the supersymmetric CPN−1 sigma model in three dimensions and supersymmetric
gauge theories in five dimensions is also an interesting problem.
The aim of this letter is to study the ultraviolet (UV) properties of the N = 2 super-
symmetric CPN−1 sigma model in three dimensions using the 1/N expansion. Nonlinear
sigma models in three dimensions are plagued by a number of various power divergences in
the cutoff Λ. We investigate how such UV divergences may combine to cancel out in the
model. To this end we use the cutoff regularization. In the N = 1 supersymmetric O(N)
sigma model, the β-function was found to be zero in dimensional regularization. 7) We have
confirmed that the fixed point of that model has next-to-leading order corrections in the
cutoff regularization.
A new method relying on conformal symmetry has been used to study nonlinear sigma
models beyond the leading order in 1/N . 8), 9) This method has been argued to be valid
for nonlinear sigma models in general spacetime dimensions d < 4, and it has been used
to compute critical exponents in bosonic and supersymmetric nonlinear sigma models in
d = 3. 8), 9) We calculate the β-function of the supersymmetric CPN−1 model in the cutoff
regularization. We verify that the β-function has no next-to-leading order corrections. Our
results are compared with the previous results. 7), 9)
§2. The Supersymmetric CPN−1 Model in Three Dimensions
We begin by outlining the N = 2 supersymmetric CPN−1 sigma model in three dimen-
sions. We use the N = 1 complex scalar superfields Φj = nj + θ¯ψj + (1/2)θ¯θFj , where
j = 1, · · · , N . The action of the model is written in the supergauge-invariant form 2), 9)
S =
∫
d3xd2θ ∇Φj∇Φj , (1)
2
with the constraint Φ¯jΦj = N/2g. Here g is the coupling constant and ∇α is the gauge
covariant supercovariant derivative ∇α = Dα− iAα, where Aα is a spinor superfield and Dα
is the supercovariant derivative Dα = ∂/∂θ¯α − i(γµθ)α∂µ. Our convention for the gamma
matrices is given by γ0 = σ2, γ1 = iσ3 and γ2 = iσ1.
We use the Wess-Zumino gauge in which Aα has the form Aα = i(γ
µθ)αAµ + (1/2)θ¯θωα,
where Aµ is a U(1) gauge field and ωα is a Majorana spinor. We introduce a real scalar
superfield Σ = σ+ θ¯ξ+(1/2)θ¯θα as the Lagrange multiplier. The action can then be written
as
S =
∫
d3xd2θ
[
∇Φj∇Φj + 2Σ
(
Φ¯jΦj − N
2g
)]
. (2)
In component fields, the Euclidean action is given after eliminating Fj by
S =
∫
d3x

−n¯j∂2nj + iψ¯j∂/ψj + N
2g
α + σ2n¯jnj − αn¯jnj + σψ¯jψj
−iAµn¯j
↔
∂µ nj − Aµψ¯jγµψj + AµAµn¯jnj + n¯j c¯ψj + njψ¯jc

, (3)
where c = ξ+iω/2 is a complex fermion. This model is known to have N = 2 supersymmetry.
9), 10)
§3. The Leading Order
The generating functional of the model in the Euclidean notation is
Z(Jj, J¯j, ηj , η¯j) =
∫
DnjDn¯jDψjDψ¯jDαDσDAµDcDc¯
× exp
[
−S +
∫
d3x(J¯jnj + n¯jJj + η¯jψj + ψ¯jηj)
]
. (4)
Performing the integrations over the fields ψj , ψ¯j , nj and n¯j we obtain
Z(Jj, J¯j, ηj, η¯j) =
∫
DαDσDAµDcDc¯ exp(−Seff). (5)
The effective action Seff is given by
Seff = NTr ln(∆B − c¯∆−1F c)−NTr ln∆F −
∫
d3x

(J¯j − η¯j∆−1F c)
×(∆B − c¯∆−1F c)−1(Jj − c¯∆−1F ηj) + η¯j∆−1F ηj −
N
2g
α

, (6)
3
where ∆F = i∂/ − γµAµ + σ and ∆B = −∂2 − iAµ
↔
∂µ +AµAµ + σ
2 − α. Performing the
Legendre transformation and setting all fields to constants, we obtain the effective potential
V = N

v¯v(〈σ〉2 − 〈α〉) + 1
2g
〈α〉
+
∫
d3k
(2π)3
(
ln(k2 + 〈σ〉2 − 〈α〉)− tr ln(−k/+ 〈σ〉)
), (7)
where v = 〈nN〉/
√
N . The fields which are not in (7) have been set to zero.
The vacuum of the model is fixed by the stationary conditions
v¯〈σ〉2 = v〈σ〉2 = 0, (8)
v¯v − 1
2g
+
∫
d3k
(2π)3
1
k2 + 〈σ〉2 = 0. (9)
We look for the supersymmetric vacuum and have set 〈α〉 = 0. The UV divergences present
in the integral in (9) can be dealt with by renormalization. Introducing a scale parameter µ
and a renormalized coupling constant gR, the equation (9) becomes
v¯v − 1
2gR
+
µ
4π
− 〈σ〉
4π
= 0, (10)
where 〈σ〉 is positive. The renormalized and bare coupling constants are related by
1
2g
=
1
2gR
+
Λ
2π2
− µ
4π
, (11)
where Λ is the momentum cutoff. In terms of the dimensionless coupling constant defined
by g˜ = gRµ, the β-function is
β(g˜) = g˜
(
1− g˜
2π
)
. (12)
This result is the same as that of the bosonic CPN−1 model. 11) The equations (8) and (10)
imply the existence of two phases: (i) for g˜ > 2π, m ≡ 〈σ〉 = 2πµ(1/2π − 1/g˜), v = v¯ = 0
(SU(N) symmetric phase); (ii) for g˜ < 2π, 〈σ〉 = 0, v¯v = (µ/2)(1/g˜− 1/2π) (SU(N) broken
phase). The ultraviolet properties of the model should be the same in two cases, so we
consider only the symmetric phase.
The model contains four kinds of auxiliary fields: two scalars α, σ, a U(1) vector Aµ, and a
complex fermion c. They all begin to propagate after taking into account the quantum effects
of nj and ψj loops. Considering the fact that σ acquires a non-zero vacuum expectation value
m, we perform the shift
σ → m+ σ. (13)
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The fields α and σ mix as they propagate. It is convenient to diagonalize their propagators
by rewriting α as
α→ α + 2mσ. (14)
The effective propagators of α, σ, Aµ and c can be obtained from the effective action (6)
after redefining the fields σ and α as (13) and (14). They are given by
Dα(p) = −4π
N
I(p), Dσ(p) =
4π
N
1
p2 + 4m2
I(p), Dc(p) =
8π
N
p/− 2m
p2 + 4m2
I(p),
DAµν(p) =
4π
N
p2δµν − pµpν − 2mǫµνρpρ
p2(p2 + 4m2)
I(p), (15)
where I(p) =
√
p2/ arctan(
√
p2/2m). We have used the Landau gauge in deriving DAµν(p).
We note that the mixing terms between Aµ and α, σ vanish in the effective action (6), and
such mixing terms arise in the two-dimesional model. 2)
We have a few comments on the effective propagators. Dα(p) has a branch cut but no
poles. Dσ(p), DAµν(p) and D
c(p) have poles at p2 = −4m2, which correspond to bound states.
The term which involves ǫµνρ in [D
A
µν(p)]
−1 is induced by the fermion loop. In the p → 0
limit, DAµν(p) has the same form as the gauge field propagator of the Maxwell-Chern-Simons
theory, where the gauge field is massive. In the present model, the gauge field mass is 2m.
§4. Next-to-Leading Order Corrections
Performing the shift (13) in the action (3), we obtain the Lagrangian
L = n¯j(−∂2 +m2)nj + ψ¯j(i∂/ +m)ψj + N
2g
α +
Nm
g
σ
−αn¯jnj + σψ¯jψj + σ2n¯jnj − iAµn¯j
↔
∂µ nj
−Aµψ¯jγµψj + AµAµn¯jnj + n¯j c¯ψj + njψ¯jc+ LCT. (16)
The fields, mass and coupling constant appearing in (16) are renormalized quantities. The
transformation (14) has been performed in renormalized quantities. LCT consists of the
counterterms which are designed to eliminate all UV divergences due to loop effects. LCT is
given explicitly by
LCT = n¯j(−C1∂2 + C2m2)nj + ψ¯j(iC3∂/+ C4m)ψj + C5N
2g
α + C6
Nm
g
σ
−C7αn¯jnj + 2C8mσn¯jnj + C9σψ¯jψj + C10σ2n¯jnj − iC11Aµn¯j
↔
∂µ nj
−C12Aµψ¯jγµψj + C13AµAµn¯jnj + C14n¯j c¯ψj + C15njψ¯jc. (17)
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We define the renormalization constants of the fields, mass and coupling constant by
n0j = Z
1/2
n nj, ψ0j = Z
1/2
ψ ψj , α0 = Zαα, σ0 = Zσσ,
A0µ = ZAAµ, c0 = Zcc, m0 = Zmm, g0 = Zgg, (18)
where the suffix 0 denotes a bare quantity.
Renormalizability of the model can be assured by showing that no terms which are not
contained in the bare Lagrangian appear in LCT. In addition, the Ci in (17) are related to
the Z-factors introduced in (18). Before completing this analysis, we calculate Zg by using
the relations
1 + C1 = Zn, 1 + C5 = ZαZ
−1
g , 1 + C7 = ZαZn. (19)
The Ci and Z-factors are expanded in 1/N as Ci = C
(0)
i + C
(1)
i + · · ·, Z = Z(0) + Z(1) + · · ·.
At leading order, the Z-factors are Z(0)n = Z
(0)
ψ = Z
(0)
α = Z
(0)
σ = Z
(0)
A = Z
(0)
c = Z
(0)
m = 1 and
(Z−1g )
(0) =
(
Λ
π2
− m
2π
)
g, (20)
which is derived from (11) and (10) in the symmetric phase (v = 0, 〈σ〉 = m).
Now we consider the next-to-leading order. We have calculated the next-to-leading order
corrections to the self-energies of nj and ψj and those to the three-point vertex functions
αn¯jnj and σψ¯jψj. The loop graphs contributing to the self-energy of nj contain UV power
divergences. These divergences cancel out in the sum of all graphs. The same result holds
for the other vertex functions. The remaining logarithmic divergences are removed by renor-
malization. The Z-factors are
Zn = 1 +
4
Nπ2
ln
Λ
µ
, Zψ = 1− 4
Nπ2
ln
Λ
µ
, (21)
Zα = Zσ = Zm = 1. (22)
Component fields of a single superfield should be dealt with by a single renormalization
constant in a manifestly supersymmetric scheme. In our computation Zn and Zψ have turned
out to be unequal, even though nj and ψj are in the same superfield. This is probably because
Zn and Zψ are gauge dependent and we use the Wess-Zumino gauge.
9) The result that the
auxiliary fields α, σ and the mass are not renormalized is same as that in the case of the
supersymmetric O(N) sigma model. 7)
The β-function at next-to-leading order can be obtained by computing the graphs of the
α-tadpole shown in Fig. 1. Remarkably, we have found that the sum of the graphs (a) to
(e) of Fig. 1 is zero. The sum of the graphs (f) and (g) is
(C
(1)
7 − C(1)1 )N
∫ d3k
(2π)3
1
k2 +m2
= Z(1)α N
(
Λ
2π2
− m
4π
)
, (23)
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(b)(a) (c) (d) (e) (f) (g) (h)
Fig. 1. Next-to-leading order corrections to the α-tadpole. The dashed, solid, dotted, dash-dotted,
wavy and thick lines denote the propagators of nj, ψj, α, σ, Aµ and c, respectively. The squares
denote the counterterms.
where we have used (19). From (19) and (20) the counterterm (h) is given by
−C(1)5
N
2g
= −
(
Z(1)α (Z
−1
g )
(0) + (Z−1g )
(1)
) N
2g
= −Z(1)α N
(
Λ
2π2
− m
4π
)
− N
2g
(Z−1g )
(1). (24)
Adding (23) and (24) the divergences cancel, so we do not need (Z−1g )
(1) and obtain
(Z−1g )
(1) = 0. (25)
This implies that the β-function (12) receives no corrections at next-to-leading order. We
have checked that the same result can be derived by calculating corrections to the σ-tadpole.
The present result is consistent with the result that the slope β ′(gc) has no next-to-leading
order corrections. 9)
Our result for the N = 2 supersymmetric CPN−1 sigma model is in clear contrast to that
for the N = 1 supersymmetric O(N) sigma model. We have found that in the O(N) case
there remains a linear divergence in the next-to-leading order graphs of the tadpole in the
cutoff regularization. We obtain β(g˜) = g˜[1 − (g˜/4π)(1 − 4/N)]. This is different from the
result Zg = 1 obtained in dimensional regularization.
7)
In this letter we have derived the next-to-leading order corrections to the β-function,
but we have not completed the calculation of all divergent graphs at this order. In the
supersymmetric O(N) sigma model, all divergent graphs were calculated to next-to-leading
order and renormalizability was proved. 7) We have verified that the four-point vertex function
(n¯jnj)
2 is finite at next-to-leading order, which is in accord with the renormalizability of the
model.
7
§5. Discussion
It is an important question whether the absence of non-leading corrections to the β-
function persists to all orders in 1/N , namely whether the β-function of the model is leading
order exact. However, it is difficult to go beyond the next-to-leading order in the present
approach, and we need some new means to handle the problem, e.g. algebraically.
Comparing the present result with those in the bosonic CPN−1 11) and N = 1 supersym-
metric O(N) sigma model, one may speculate that N = 2 supersymmetry is responsible for
the vanishing of the next-to-leading order corrections to the β-function of the model.
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